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Abstract The thermodynamic and superfluid properties of the dilute two-
dimensional binary Bose mixture at low temperatures are discussed. We also
considered the problem of the emergence of the long-range order in these
systems. All calculations are performed by means of celebrated Popov’s path-
integral approach for the Bose gas with a short-range interparticle potential.
Keywords two-dimensional Bose mixtures · superfluid properties · off-
diagonal long-range order
PACS 67.85.-d
1 Introduction
The spatial dimensionality plays a crucial role in the behavior of interacting
many-boson systems. Perhaps, the most exciting phase diagram is obtained in
the two-dimensional case (for review, see [1,2]), where the ground-state Bose
condensate state [3,4,5,6,7,8] is altered by the low-temperature Beresinskii-
Kosterlitz-Thouless (BKT) phase with the characteristic power-law [9] decay
of the one-particle density matrix. To describe these systems appropriately one
needs to extend [10] the standard approach with the separated condensate and
to use the phase-density formulation [11], renormalization-group [12,13,14,15,
16,17] or the effective field-theoretic [18,19] treatments. Particularly Popov’s
theory allows to find out the low-energy structure of one-particle Green’s func-
tions [20] and improved version of this approach [21,22] which takes into ac-
count phase fluctuations exactly is capable to explain [23] experiments with
two-dimensional Bose gases. In contrast to the two-dimensional Bose systems
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in an optical lattice [24,25,26,27,28,29,30] that are characterized by nontriv-
ial phase diagrams the equilibrium properties of the homogeneous binary 2D
bosonic gases with continuous translational symmetry are less studied. Reliable
results for the stability condition of the low-density mixtures were obtained in
Refs. [31,32] by means of a renormalization-group technique and recently in
[33] the ground-state behavior of the two-dimensional binary Bose gases in the
Bogoliubov approximation was discussed in a context of the droplet-formation
phenomenon.
In the present paper we have analysed the ground-state properties of the
two sorts of Bose particles interacting with the analytically tractable short-
range two-body potentials in two spatial dimensions.
2 Formulation
We adopt a path-integral formulation for the two-component Bose system with
the Euclidean action
S = S0 + Sint, (1)
where the ideal-gas term reads
S0 =
∫
dxΨ∗a (x)
{
∂τ +
h¯2
2ma
∆+ µa
}
Ψa(x) (2)
and the second one describes intra and interspecies two-body interaction
Sint = −1
2
∫
dx
∫
dx′Φab(x− x′)|Ψa(x)|2|Ψb(x′)|2. (3)
The notations are typical: the (2 + 1)-vector x = (τ, r),
∫
dx =
∫ β
0 dτ
∫
A dr,
where A is a large two-dimensional periodicity “volume”, β = 1/T is the in-
verse temperature, the complex-valued β-periodic fields Ψa(x) describe bosonic
states, and the summation over repeated indices a, b = (A,B) is assumed. We
also denoted the chemical potentials µa, masses of particles of each sortma and
interaction potentials Φab(x) = δ(τ)Φab(r). It is well-known that the Popov
prescription [11] is very convenient for the description of two-dimensional one-
component many-boson systems, therefore in the remainder of the paper we
applied this approach for the two-component Bose gas. The key idea is to in-
troduce momentum scale h¯Λ that separates fields Ψa(x) on the “slowly” ψa(x)
and “rapidly” ψ˜a(x) varying parts:
Ψa(x) = ψa(x) + ψ˜a(x), Ψ
∗
a (x) = ψ
∗
a(x) + ψ˜
∗
a(x), (4)
(note that
∫
A
drψa(x)ψ˜a(x) = 0) with the following functional integration
over ψ˜a(x). In such a way after passing to the phase-density representation of
the “slowly” varying ψa(x) fields
ψa(x) =
√
na(x)e
iϕa(x), ψ∗a(x) =
√
na(x)e
−iϕa(x), (5)
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one obtains the effective hydrodynamic action which accurately captures the
low-energy physics of the two-dimensional Bose systems in the whole temper-
ature region. In the following we will discuss the zero-temperature limit only.
If in addition the system is dilute, the role of the ψ˜a(x)-fields is reduced to the
replacement of the original interparticle potentials Φab(r) in the hydrodynamic
action by the elements of the t-matrix (see Appendix for details). The final
hydrodynamic action reads
Sh =
∫
dx
{
na(x)i∂τϕa(x)− h¯
2
2ma
na(x)(∇ϕa(x))2
− h¯
2
8ma
(∇na(x))2
na(x)
− 1
2
tabna(x)nb(x) + µana(x)
}
, (6)
where tab is responsible for the two-body collisions. For the spatial homoge-
neous systems one makes use of the following decomposition in terms of the
Fourier harmonics
na(x) = na +
1√Aβ
∑
K
eiKxnaK , ϕa(x) =
1√Aβ
∑
K
eiKxϕaK , (7)
where K = (ωk,k) stands for the bosonic Matsubara frequency ωk and two-
dimensional wave-vector k (recall that |k| ≤ Λ and k 6= 0). From the identities
−∂Ω/∂µa = naV and non-participation of the “rapidly” varying fields in the
zero-temperature thermodynamics it is easy to show [34] that na are equilib-
rium densities of two components. In the extremely dilute limit the properties
of the system are correctly described by the Gaussian part of the action (6)
SG = −βA tab
2
nanb − 1
2
∑
K
{
ωkϕ
a
Kn
a
−K − ωkϕa−KnaK
+2εa(k)na|ϕaK |2 +
[
εa(k)
2na
δab + tab
]
naKn
b
−K
}
, (8)
(where εa(k) = h¯
2k2/2ma are the free-particle dispersions; δab is the Kronecker
delta) and performing a simple integration of the partition function in the low-
temperature limit we obtained the ground-state energy of the binary Bose gas
E0
A =
1
2
nanbtab +
1
2A
∑
|k|≤Λ
[E+(k) + E−(k)− εA(k)− εB(k)− nataa] . (9)
Here the two branches [35,36,37] of the Bogoliubov spectrum read
E2±(k) =
1
2
{
E2A(k) + E
2
B(k)
±
√
[E2A(k)− E2B(k)]2 + 16εA(k)εB(k)nAnBt2AB
}
,
where E2a(k) = ε
2
a(k) + 2εa(k)nataa represents the dispersion relation of an
individual component. In the long-length limit these two branches of the spec-
trum of collective modes exhibit phonon-like behavior E±(k → 0) = h¯kc±. The
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terms presented in the last row of Eq. (9) do not appear during functional in-
tegration and should be inserted by hand [38]. This procedure, however, is
in agreement with calculations performed in the operator formalism [39] and
various regularization schemes [40].
In order to study the superfluid properties of the two-component system let
us suppose the each constituent to move slowly with velocity va. In practice,
while describing the superfluid hydrodynamics the smallness of va means that
|va| ≪ c− providing the local thermodynamic equilibrium. The action of the
moving Bose mixture is readily written by using the gauge transformation
Ψa(x)→ Ψa(x)e−imarva/h¯ of the initial one (1)
Sv = S − βAρav
2
a
2
+ ih¯
∫
dxΨ∗a (x)va∇Ψa(x), (10)
where ρa are introduced for the mass densities. In the same manner as was
argued above it is easy to show that the fields ψ˜a(x) do not contribute to the
macroscopic properties of the two-component Bose system at low tempera-
tures. Therefore the last term in (10) only shifts the Matsubara frequencies
ωk → ωk+ih¯kva standing next to ϕaKna−K term in the effective hydrodynamic
action (6), (8). Again the explicit calculations for the energy of the moving
Bose mixture can be made to the end only in the extremely dilute limit, where
one can neglect the anharmonic terms in Sh. Up to the quadratic order over
velocities va we have
Ev/A = E0/A+ 1
2
ρabvavb + . . . , (11)
where the symmetric matrix of superfluid densities reads
ρab = ρaδab −∆ρab, (12)
with
∆ρAA =
1
2Aβ
∑
K
h¯2k2[ω2k + E
2
B(k)]
[ω2k + E
2
+(k)][ω
2
k + E
2
−(k)]
×
{
1− 2ω
2
k[ω
2
k + E
2
B(k)]
[ω2k + E
2
+(k)][ω
2
k + E
2
−(k)]
}
, (13)
∆ρAB = − 4Aβ
∑
K
h¯2k2ω2kεA(k)εA(k)nAnBt
2
AB
[ω2k + E
2
+(k)]
2[ω2k + E
2
−(k)]
2
, (14)
calculated in two dimensions. At zero temperature the whole system is super-
fluid and the Galilean invariance requires ∆ρAA = ∆ρBB = −∆ρAB = ∆ρ
that can be easily verified by the direct integration over the Matsubara fre-
quencies in Eqs. (13), (14).
In two-dimensional systems of bosons residing exactly in the ground state
the lowest one-particle state is macroscopically occupied. Nevertheless the de-
veloped thermodynamic fluctuations at any finite temperatures totally deplete
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this Bose condensate, it is interesting to calculate its value for the weakly-
interacting gas from the methodological point of view. In the Popov approach
the condensate density is obtained as follows:
√
n0a = 〈Ψa(x)〉|T=0 → 〈ψa(x)〉, (15)
where the last average should be calculated very carefully [41] within the
hydrodynamic action (6)
√
n0a = lim
τ ′→τ−0
〈
√
na(x)e
iϕa(x
′)〉∣∣
r′=r
. (16)
Taking into account the Gaussian fluctuations only, one gets the result
n0A = nA − 1
2A
∑
|k|≤Λ
{
εA(k) + nAtAA
E+(k) + E−(k)
[
1 +
E2B(k)
E+(k)E−(k)
]
− 1
}
. (17)
In addition to the superfluid properties of the binary Bose mixture the
quantity ρab together with the inverse compressibility matrix ∂µa/∂nb deter-
mine two velocities of a sound propagation [42] in the two-component bosonic
medium. Finally it also identifies the exponents of the one-body density ma-
trices
Fab(|r− r′|) = 〈Ψ∗a (x)Ψb(x′)〉|τ→τ ′ , (18)
at large particle separations when T 6= 0. Particularly by using results of
Ref. [41] for the various two-legged vertices it is easy to argue that the exact
asymptotic behavior of Fab(r) reads
Fab(r →∞) ∝ δab
rηa
, ηa =
m2aT
2pih¯2
ρ−1aa , (19)
that indicates the Berezinskii-Kosterlitz-Thouless phase (here ρ−1ab are elements
of the inverse to ρab matrix). At very low temperatures when the temperature
depletion of the superfluid density which is of order T 3 for the two-dimensional
systems can be neglected the exponents ηa are fully determined by ∆ρ given
by Eq. (13) for the dilute mixtures.
3 Model with the short-range interaction
For the specific calculations we choose the two-body potentials in the following
form
Φab(r) =
gab
piR2ab
e−r
2/R2ab , (20)
where gab are the coupling constants responsible for the interaction strength
and parameters Rab characterize the effective range of the potentials. In the
limit Rab → 0 the function in Eq. (20) tends to δ-function and the coupling
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constants gab to the leading order can be rewritten via the experimentally
measured s-wave scattering lengths lab [43]
1
gab
= −mab
pih¯2
ln[eγ/2lab/Rab], (21)
where we denote the reduced masses 1/mab = 1/ma+1/mb and γ = 0.57721 . . .
is the Euler-Mascheroni constant. On the other hand, by using equations ob-
tained in Appendix we are in position to express gab via elements of the t-
matrix
1
gab
=
1
tab
− mab
pih¯2
ln[2e−γ/2/(RabΛ)], (22)
found in the limit RabΛ ≪ 1. These two equation allow to eliminate the
dependence on the nonuniversal parameters gab and Rab in the formula for the
matrix tab and as a consequence in the hydrodynamic action (6)
tab =
pih¯2
mab
1
ln
[
2e−γ
labΛ
] . (23)
To simplify further consideration we assume the equal-mass limit ma = mb =
m in which the excitation spectrum of the system looks Bogoliubov-likeE±(k) =
h¯4k4/4m2 + h¯2k2c2± with the sound velocities given by
c2± = (c
2
A + c
2
B)/2±
√
(c2A − c2B)2/4 + nAnBt2AB/m2, (24)
where ca =
√
nataa/m denote the sound velocities of individual components.
A great advantage of two spatial dimensions in the equal-mass limit is that all
integrals can be performed analytically to the very end. Particularly, for the
ground-state energy (9) one obtains
E0/A = 1
2
tabnanb +
m3
4pih¯2
∑
j=±
c4j ln
[
e1/4
mcj
h¯Λ
]
, (25)
(recall that this expression is valid only in the limit h¯2Λ2/m ≫ µa ∼ tabnb)
which is consistent with the general equation for two-dimensional binary sys-
tems [44]. With the same accuracy we have calculated the quantity ∆ρ deter-
mining the matrix of superfluid densities
∆ρ/m =
nAnBt
2
AB
8pih¯2
c4+ + 2c
2
+c
2
− ln[c
2
−/c
2
+]− c4−
(c2+ − c2−)3
, (26)
and in our approximation shifts the BKT exponents ηa =
mT
2pih¯2na
[1 +∆ρ/(mna) + . . .]
at low temperatures. For the dilute Bose mixture with the symmetric interac-
tion tAA = tBB at any density ratios this effect becomes more tangible when
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the system is extremely close to the phase-separation region. The interaction-
induced condensate depletion of a component A at absolute zero reads
nA − n0A = m
2
4pih¯4
{
c2A +
(c2A − c2+)(c2A − c2−)
c2+ − c2−
ln
[
c2−
c2+
]}
. (27)
The final stage of the above calculations is the determination of the cut-off
parameter Λ. The most natural way to find it was proposed originally by
Popov providing the minimization of the thermodynamic potential (in our
zero-temperature case just the ground-state energy). It is easy to confirm by
the direct calculations with a logarithmic accuracy that E0 does not depend on
Λ [33], i.e., ∂E0/∂Λ = 0. This observation allows to choose the cut-off param-
eter up to an irrelevant factor from the dimensional arguments, for instance,
Λ2 ∼ max{nA, nB} or Λ2 ∼ n = nA+nB, which correctly reproduces the one-
component limits [3] and together with smallness of the coupling constants gab
provide the system not to be in crystalline phase [45].
It is instructive to apply the above-presented Popov’s approach to the one-
component model. The properties of the single-component two-dimensional
Bose gas can be obtained from Eqs. (25), (27) by tending density of one sort
of particles (let say nB) to zero. Then identifying nA with the total density n
of the system and setting mA = m, tAA = t (lAA = l) we obtain in the leading
order that ∂E0/∂Λ = 0, i.e., we can again choose parameter Λ
2 ∼ n by using
the dimensional arguments. But the condition of cancellation of subleading
terms gives for the ground-state energy E0/A = 2pih¯2n2m λ2(1 − λ2/2), where
Λ2 = 4pienλ2 and λ is determined by the transcendental equation 1/λ2 =
ln 1nl2 −1−2γ− lnpi+ln 1λ2 . The iterative solution in the dilute regime nl2 ≪ 1
yields for the coefficient in formula for E0:
λ2(1 − λ2/2)→ 1
1/2 + 1/λ2
=
1
ln 1nl2 + ln ln
1
nl2 − 1/2− 2γ − lnpi
+ . . . ,(28)
which should be compared with that of Refs. [46,47].
It is easily seen that the Popov’s treatment correctly reproduces to the
leading order the results of more sophisticated approaches and we therefore
may use this formulation to obtain the beyond-mean-field stability condition
of two-component systems. Firstly, of course, one should calculate the cut-off
parameter, which is determined as follows
∑
j=±
ln
[
e1/2
mcj
h¯Λ
] ∂c4j
∂Λ
= 0, (29)
in this case. The general consideration of the thermodynamic stability leads to
complicated transcendental equation that has to be solved for an arbitrary set
of s-wave scattering lengths and concentrations of ingredients. For very dilute
systems, however, only region close to the mean-field phase-separation condi-
tion det tab = 0 (here tab = 4pih¯
2/[m| lnnl2ab|]) is the most interesting. Thus
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assuming that all lab are of the same order magnitude and again introduc-
ing dimensionless cut-off parameter λ2 = Λ2/(4pien) we found the asymptotic
solution of Eq. (29)
1/λ2 = ln
1
nl2
+ ln ln
1
nl2
− 1− 2γ − lnpi + nanb
n2
ln
l2
l2ab
+ . . . , (30)
where l ∼ lab is arbitrary length-scale and the appropriate ground-state energy
E0/A = 2pih¯
2
m
nanb
ln 1
nl2
ab
+ ln ln 1
nl2
ab
− 1/2− 2γ − lnpi + . . . , (31)
calculated with the same accuracy. This result particularly states that the
mean-field stability condition lAAlBB > l
2
AB of the binary two-dimensional
Bose mixtures is unaffected by the Bogoliubov approximation (recall that
the obtained formulae are correct only for very dilute systems, i.e., when
1/| lnnl2ab| ≪ 1).
4 Conclusions
In summary, by means of the Popov’s prescription we have analyzed the equi-
librium thermodynamic and superfluid properties of the two-dimensional di-
lute binary Bose mixtures. It is shown that the presence of the interspecies in-
teraction shifts the exponents of one-particle density matrices in the Berezinskii-
Kosterlitz-Thouless phase at low temperatures. Our findings could serve a
starting platform for further theoretical study of the impact of the beyond-
mean-field effects on the macroscopic properties of the two-component two-
dimensional Bose systems. But in order to compare the obtained results with
experiments one should extend the proposed approach to more realistic binary
Bose mixtures, namely to the two-component systems loaded in the pancake
trap. The second question has to be answered is the inclusion of nonuniversal
parts of the interaction potentials which are recently found [48] to affect sig-
nificantly on the thermodynamic properties of two-dimensional bosons in the
one-component case. All these problems will be considered in future studies.
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5 Appendix
After transformation (4) the action of the two-component Bose mixture is
S →
∫
dxψ∗a(x)
{
∂τ +
h¯2
2ma
∆+ µa
}
ψa(x)
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+
∫
dx ψ˜∗a(x)
{
∂τ +
h¯2
2ma
∆+ µa
}
ψ˜a(x)
−1
2
∫
dx
∫
dx′Φab(x− x′)|ψa(x)|2|ψb(x′)|2
−
∫
dx
∫
dx′Φab(x − x′)
{
ψ∗a(x)ψ
∗
b (x
′)ψb(x
′)ψ˜a(x) + c.c
}
−
∫
dx
∫
dx′Φab(x− x′)
{
|ψa(x)|2|ψ˜b(x′)|2 + ψ∗a(x)ψ˜∗b (x′)ψb(x′)ψ˜a(x)
}
−1
2
∫
dx
∫
dx′Φab(x − x′)
{
ψ∗a(x)ψ
∗
b (x
′)ψ˜b(x
′)ψ˜a(x) + c.c
}
−
∫
dx
∫
dx′Φab(x − x′)
{
ψ˜∗a(x)ψ˜
∗
b (x
′)ψ˜b(x
′)ψa(x) + c.c
}
−1
2
∫
dx
∫
dx′Φab(x− x′)|ψ˜a(x)|2|ψ˜b(x′)|2,(32)
where nine interaction vertices are presented diagrammatically in Fig. 1. For
Fig. 1 Diagrammatic representation of the vertices appearing in Eq. (32). The solid and
dashed lines stand for the ψa(x) and ψ˜a(x), respectively.
a very dilute system while integrating out ψ˜-fields one can use simple pertur-
bation theory considering the ideal gas action (the second term in Eq. (32))
as a zero-order approximation. Furthermore, in the low-temperature limit the
only nonzero contribution to the effective action governing “slowly” varying
fields is given by the graphs depicted in Fig. 2. This infinite series of dia-
grams is summed up to give the linear integral equation for the renormalized
symmetrical vertices
tab(P,Q|Q +K,P −K) = [gab(k) + δabgaa(p− k − q)]/2δab
− 1
2δabAβ
∑
S
[gab(s) + δabgaa(p− s− q)]
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Fig. 2 Renormalization of the interaction potential in the hydrodynamic action.
×Ga(P − S)Gb(Q + S)tab(P − S,Q+ S|Q+K,P −K), (33)
where gab(k) is the Fourier transform of Φab(r) and we used notation for
Green’s functions of the ideal gases Ga(P ) = 1/[iωp−εa(p)+µa]. In the dilute
limit, where µa ≪ h¯2Λ2/ma (the most natural choice in the two-component
case is Λ2 ∼ nA + nB) and the physically relevant region of the wave-vectors
integration p, q, k ∼ √mµa/h¯≪ Λ, we can neglect the dependence on P and Q
under the integral in Eq. (33). If it is also assumed that the interaction poten-
tials are short-ranged, i.e., gab(s) weakly depends on s then the tab(−S, S|0, 0)
is also independent on the transferred momentum. The latter observation al-
lows to find the asymptotic solution of (33) (denoting tab(0, 0|0, 0) ≡ tab)
1
tab
=
1
gab(0)
+
∫ ∞
Λ
ds s
2pi
gab(s)
gab(0)
1
εa(s) + εb(s)
. (34)
Actually tab enters the hydrodynamic action as a matrix of the effective cou-
pling constants.
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